Abstract. Most attempts to unify general relativity with the standard model of particle physics predict violations of the equivalence principle associated in some way with the composition of the test masses. We test this idea by using observational uncertainties in the positions and motions of solar-system bodies to set upper limits on the relative difference ∆ between gravitational and inertial mass for each body. For suitable pairs of objects, it is possible to constrain three different linear combinations of ∆ using Kepler's third law, the migration of stable Lagrange points, and orbital polarization (the Nordtvedt effect). Limits of order 10 −10 − 10 −6 on ∆ for individual bodies can then be derived from planetary and lunar ephemerides, Cassini observations of the Saturn system, and observations of Jupiter's Trojan asteroids as well as recently discovered Trojan companions around the Earth, Mars, Neptune, and Saturnian moons. These results can be combined with models for elemental abundances in each body to test for composition-dependent violations of the universality of free fall in the solar system. The resulting limits are weaker than those from laboratory experiments, but span a larger volume in composition space.
Introduction
The foundation of general relativity is the equivalence principle (EP), the weak version of which states that inertial mass and gravitational mass are identical. Attempts to unify general relativity with the standard model of particle physics generically predict the existence of new fields with gravitational-strength couplings to existing standardmodel fields. But these couplings are not universal, in contrast to the coupling between standard-model fields and the metric or spin-two graviton field of general relativity. Hence they introduce differences in the accelerations of test bodies in the same gravitational field, violating the EP. Such violations can be quantified with the parameter ∆, defined by m g /m i ≡ 1 + ∆ (1) where m g is the gravitational mass and m i is the inertial mass. In some theories ∆ is associated with gravitational self-energy U, so that ∆ = ηU, and experimental constraints on ∆ effectively translate into upper limits on a universal constant η [1, 2] . In others, the value of ∆ may in principle vary from object to object depending on composition or other factors [3, 4, 5] . Three main approaches have been taken in testing the EP. The oldest, and in principle the simplest, is to drop two objects with different properties in the same gravitational field (as may have been done by Galileo using a lead musketball and iron cannonball at Pisa, and was definitely done by some of his contemporaries, such as Simon Stevin using lead balls in Delft). For these early investigators, the main property of interest was test-body mass. Nowadays we might be more interested in composition. All energy gravitates, but all forms of energy may not couple in the same way to the new fields predicted by modern unified theories. In "runaway dilaton" versions of string theory copper and beryllium fall at different rates due to factors involving differences in electromagnetic binding energy [6, 7] . Modest extensions of the standard model with a single minimally-coupled scalar field predict EP violations for test materials such as aluminum and beryllium due primarily to couplings between this field and gluons, the gauge fields of quantum chromodynamics [8, 9] . Other theories involving "little strings" [10] , time-varying fundamental "constants" [11, 12] , "chameleon fields" [13, 14, 15] and generic violations of Lorentz symmetry [16, 17] have similar consequences.
The scale of predicted EP violations in these theories is however very small, of order 10 −12 or less. To detect them, modern versions of Galileo's drop-tower experiment must be carried out in space, where macroscopic test bodies can fall continuously in a disturbance-free environment over many orbits around the earth. One such experiment, MicroSCOPE, is designed to measure the relative accelerations of two pairs of test masses composed of platinum and titanium alloys with a sensitivity of 10 −15 [18] . Another, the Satellite Test of the Equivalence Principle (STEP), aims to reach a sensitivity of 10 −18 through the use of superconducting accelerometers, and to monitor four pairs of beryllium, niobium and platinum-iridium test masses [19, 5] . Alternatively, it may be possible to reach comparable levels of precision with microscopic test particles using atom interferometry in the laboratory [20] or in space, as in the proposed SpaceTime Explorer and QUantum Equivalence Principle Space Test (STE-QUEST) [21] . At present such techniques are limited to different isotopic pairs of the same element, such as rubidium-85 and 87, but experiments involving lithium and cesium are envisioned for the future [22] .
The second historical approach to tests of equivalence makes use of sensitive torsion balances to compare the accelerations of different objects in what is effectively a horizontal component of the gravitational field of the Earth, Sun or Milky Way. Pioneered by Eötvös in the nineteenth century, this technique has produced the strongest current constraint on EP violation, limiting any difference in acceleration of beryllium and titanium in the field of the Earth to less than (0.3 ± 1.8) × 10 −13 [23] . The third EP testing strategy, and the one that is the focus of this work, follows from Newton's realization that nature provides a "free" way to test our theories of gravity in the form of the continuously falling moons and planets of the solar system [24] . Celestial EP tests open up regions of parameter space inaccessible to terrestrial experiment (for example, comparing the accelerations of what are effectively a ball of hydrogen and a ball of rock and metal). However they are not generally as sensitive as torsion-balance experiments or proposed free-fall tests in space. The major exception so far involves the phenomenon of orbital polarization (the Nordtvedt effect), whereby the elliptical orbit of one body around a second becomes gradually aligned along the direction to a third, introducing anomalous variations in distance between the first two bodies. Laser ranging using retroreflectors left on the moon by Apollo astronauts has made it possible to limit any such difference in accelerations of the Earth and Moon toward the Sun to less than (−1.0 ± 1.4) × 10 −13 , comparable to the constraint from torsion balances [25] . Ranging to Mars may someday produce comparable results [26] .
Violations of the EP by solar system bodies also reveal themselves in modifications of Kepler's third law and migrations of stable Lagrange points [1] . These effects do not generally produce individual limits as strong as those from orbital polarization [2] . However, they constrain two linearly independent combinations of ∆ parameters, and are therefore particularly useful in testing theories for which the value of ∆ can differ from object to object. This method has been applied, for example, to put the strongest current limits on extensions of general relativity to higher dimensions, where static, spherically symmetric objects like stars or planets are models by generalizations of the Schwarzschild metric known as solitons [3] . Our goal in this paper is to extend and strengthen this way of testing the EP using updated ephemerides and considering more objects, including additional Jupiter Trojans as well as companions of the Earth, Mars, Neptune and Saturn's moons Tethys and Dione.
We investigate Kepler's third law, the migration of Lagrange points and orbital polarization in Sections 2, 3 and 4 respectively. Limits on individual solar-system bodies are derived in Sec. 5. In Sec. 6 we discuss applications of these results, and use models of the compositions of these bodies to derive limits on EP violation by individual constituent elements, assuming that a single element dominates in each case.
We conclude with a summary and discussion in Sec. 7.
Modified Kepler's third law
If two bodies with gravitational masses m 1 , m 2 both violate the EP according to Eq. (1) then extra terms appear in Kepler's third law [1, 3] 
where ∆ 1 and ∆ 2 are the EP violating parameters for m 1 and m 2 respectively. The common part of ∆ 1 and ∆ 2 can be absorbed into a rescaled gravitational constant, as can be seen by rewriting Eq. (2) in the form
There are two modifications of Kepler's third law here: a rescaling of G in the first term, and a completely new second term, which depends only on the difference ∆ 2 − ∆ 1 . This latter term is a clear manifestation of EP violation in the system. In practice, G is avoided in celestial mechanics, since it is known only to about a part in 10 4 [27] . Since G always appears together with a mass, it is common to work instead with Gm ⊙ = k 2 A 3 where m ⊙ is the mass of the Sun, A is the length of the astronomical unit (AU) and k is a defined constant (the Gaussian constant). The value of A (or equivalently, of Gm ⊙ ) can then be determined by fitting statistically to the entire history of observational data for all systems involving the sun. Currently A = 149 597 870 000 m with δA = ±3 m, an uncertainty of two parts in 10 11 [28] . We rewrite Eq. (3) to make better contact with observation as
In this form it is clear that ∆ 1 and ∆ 2 can be constrained experimentally, even in the special case where ∆ 1 = ∆ 2 . We have set up the equation this way with the intent of applying it to systems where m 1 ≫ m 2 (i.e., where m 2 is in orbit around m 1 ). While our knowledge of individual masses is subject to the same uncertainty as that in G, mass ratios can be measured with much higher precision using Kepler's third law. Within standard gravitational theory, Kepler's law tells us that the left-hand side of Eq. (4) vanishes. (More accurately, we may say that a statistical best-fit value is chosen for A in such a way as to force the left-hand side as close to zero as possible for all systems observed.) We turn this into a test of non-standard theory by summing the observational uncertainties associated with each of the quantities on the left-hand side to obtain an upper limit on the right-hand side of the equation. For later convenience, we express this as
where, assuming uncorrelated errors, (The first four terms in this equation are modified by a multiplicative factor 1 + m 2 /m 1 but this has no effect on the results for any of the systems considered here.) We apply Eq. (6) Results are summarized in Table 1 . For the Earth we take δa to be twice the uncertainty in A following Ref. [3] . For Mars we take δa to be twice the relevant range uncertainty of 300 m [29] . For the other planets we use twice the maximum range uncertainty over the period 1950-2050, as plotted in Figs. 1-7 of Ref. [29] . (The small uncertainty for Saturn relative to Jupiter reflects Cassini's success vs. problems with the high-gain antenna during the earlier Galileo mission.) For the Moon we take δa to be twice the mean distance uncertainty, which is less than 60 cm from lunar laser ranging [30] . For Tethys and Dione, data from Cassini give δa=20 m and 30 m respectively [31] . For mean motion uncertainty we take δω from Ref. [30] for the Moon, Ref. [32] for Tethys and Dione, and Ref. [33] for the planets. All the figures for δ(m 1 /m 2 ) come from Ref. [28] except for those in the Saturn system, which are derived from Table 3 of Ref. [34] .
Migration of Lagrange Points
Kepler's law constrains one linear combination of ∆ 1 and ∆ 2 , so we look to another observational quantity which depends on both parameters. Lagrange points are stable or semi-stable points in the restricted three-body problem where a small test mass (m T ) will remain approximately motionless relative to the two larger masses (m 1 and m 2 ). Two stable Lagrange points, called L4 and L5, exist 60
• in front of and behind each planet or moon (m 2 ) in its orbit around its parent body (m 1 ). If ∆ 1 , ∆ 2 and/or ∆ T are not zero, these points will be displaced in both the radial and angular directions, as originally shown by Nordtvedt [1] and illustrated in Fig. 1 . The angular shift offers better prospects as a probe of EP violation because of the practical difficulty of obtaining accurate ranging data to distant asteroids. In the case where m T ≪ m 1 and m T ≪ m 2 and all three masses violate the EP [3] :
Since m 1 ≫ m 2 in all the cases we consider here, we may take R 1 ≪ R 2 . If in addition m 1 and m 2 are similar bodies, with
Such a situation could apply in the case of the Trojan asteroids in the Sun-Jupiter system, for example, or the recently discovered Trojan companions of Neptune.
Other possibilities could be explored as well. For example, if m 2 and m T were compositionally similar, but both different from m 1 , then one might look for a constraint on the difference ∆ 1 − ∆ T . Such a situation might be used to model the Trojan satellites of Saturn, Mars and the Earth. For the present we follow Refs. [1, 2, 3] in adopting Eq. (8) for our analysis of Lagrange point constraints. This gives us a linearly independent constraint on many of the same pairs of test bodies already considered in Section 2. Following the same approach, we use upper limits on observational uncertainty in θ L to set an upper limit on ∆ 1 and ∆ 2 so that
where
Here δθ L is an estimate of uncertainty in the angular position of the Lagrange points. The locations of L4 and L5 must, of course, be inferred in practice from observations of the objects that accumulate there over time. Nearly 6000 Trojan asteroids have been detected around Jupiter [35] , out of a total population estimated at more than 300 000 [36] . Nine Trojans have been discovered near Neptune's Lagrange points [37, 38, 39, 40] , where the total population is thought to be even larger. Mars has three known Trojan companions [41] , and the Earth one [42] . Finally, while simulations suggest that Saturn and Uranus do not harbor large numbers of stable Trojans [43] , two of Saturn's moons do have smaller Trojan companions: Telesto and Calypso in the orbit of Tethys, and Helene and Polydeuces in the orbit of Dione [44] .
To locate the mean angular position of these objects with sufficient precision for EP tests can pose a significant challenge. Older observations are subject to larger random scatter than more recent ones. There are several potential sources of systematic error, including observational selection effects and the nonuniform distribution of the Trojans, which may not necessarily cancel themselves out over time. But the greatest source of uncertainty for most of the systems we consider is libration. Trojans do not simply congregate near L4 and L5; rather they wander around these points with libration periods T lib that can greatly exceed the timescale T obs over which the Trojans themselves have been observed. The task of locating the center of libration for such objects is akin to determining the phase of a sine wave from an arc of observations covering only a fraction of the wavelength. The error in such a procedure goes as approximately t −2 for short observation times t relative to the period. When T obs ≪ T lib we therefore take
whereT lib andT obs are the mean libration period and observation time for n Trojans whose mean angular orbit uncertainty is δθ T . Current and regularly updated values for δθ T are now available online for most objects; e.g., on the AstDyS-2 website for asteroids [45] . We take δθ T to be the rms value of each object's ephemeris uncertainty ellipse. If observations are available for more than one Trojan, we choose the value of n so as to minimize δθ L . This may mean using only a small fraction of the known population. Trojans which have been observed for insufficiently long relative to their libration periods are discarded since the net increase inT lib /T obs more than outweighs the root-n reduction in uncertainty.
Jupiter presents a particularly interesting case. The current average 1σ rms orbit uncertainty for the twelve oldest Jovian Trojans is 0.08 arcsec [45] . Their average Fig. 2 where the angular position uncertainty δθ L is plotted as a function of the number n of asteroids considered, ordered by the time elapsed since discovery (longest to shortest). The new additions merely add to the statistical noise because they have not been observed for long enough relative to their libration periods. We have assumed that mean orbit uncertainty δθ T remains constant beyond n > 12, which is conservative insofar as newly discovered asteroids will tend to have larger orbit uncertainties than those with long observation histories. Thus the actual curve probably climbs more steeply with n than shown here.
Similar considerations apply to the Trojan companions of Neptune, Mars and the Earth. The mean orbit uncertainty for the nine Neptune Trojans observed to date is δθ T =20 arcsec [45] . They have been observed for an average of 7 yrs, far less than their mean libration period is 9400 yrs [48, 49, 39, 40] . The resulting formal limit of ǫ 2 < 200 in Table 2 indicates that no useful information can be gleaned from these objects as to the actual location of Neptune's Lagrange points. (This is reasonable, given that they have been discovered as a result of intentional searches in the regions around L4 and L5. The Trojan designation is conferred after numerical simulations of objects with similar orbital characteristics remain co-orbital with their parent body over a significant fraction of the age of the solar system.) The Martian Trojans have a mean orbit uncertainty δθ T =0.05 arcsec [45] . But again they have been observed for an average of only 17 yr [35], versus a mean libration period of 1400 yr [41, 39] . The resulting limit on EP violation of order ǫ 2 < 2 × 10 −3 is of marginal interest. For the Earth, numbers are comparable. Newly discovered companion 2010 TK 7 has a current orbit uncertainty of ∼ 2 arcsec [45] but librates with a period of 400 yr [42] , resulting in a formal limit of ǫ 2 < 0.8.
A different situation prevails when a Trojan satellite has been observed for significantly longer than its libration period, as with Saturn's Trojan moons. For these cases the center of libration can be established with more confidence, and we take
Cassini observations currently imply rms orbit uncertainties of less than about 30 km for Calypso and Telesto and 20 km for Helene and Polydeuces [50] . Since Calypso and Telesto orbit Saturn (together with Tethys) at a = 294 000 km, while Helene and Polydeuces share Dione's orbit at a = 377 000 km, these numbers translate into angular uncertainties of δθ T = 20 arcsec (Tethys) and 10 arcsec (Dione), as indicated in on the Saturn-Tethys and Saturn-Dione systems respectively.
Orbital Polarization
The modified Kepler's law (3) depends on the sum of ∆ parameters; while migration of the Lagrange points, Eq. (8), depends on the difference. In principle the combination can give us limits on the individual ∆ parameters. However, Trojan-based constraints are weak in many cases. For most pairs of bodies a stronger complementary limit on EP violation can be obtained using orbital polarization (also known as the Nordtvedt effect [1, 53, 54, 55]), whereby two masses (m 1 and m 2 ) with different values of ∆ fall toward a third (m 3 ) with different accelerations (Fig. 3) . The distance between m 1 and m 2 then undergoes periodic oscillations at the synodic frequency ω 2 − ω 1 , where ω 1 is the orbital frequency of m 1 about m 3 (or vice versa), and ω 2 is the orbital frequency of m 2 about m 1 . This has the effect of aligning or "polarizing" the orbit of m 2 about m 1 along the direction either toward m 3 (if ∆ 1 > ∆ 2 ) or away from m 3 (if ∆ 1 < ∆ 2 ). The maximum amplitude of the oscillations is given by [3, 56] 
and r 1 is the mean distance between m 1 and m 3 . In some cases (e.g., the Earth-Moon system) the oscillations are magnified by tidal effects. Following the same approach as in the preceding sections, we isolate the effect of these oscillations on the difference in ∆ terms as
and where we have re-expressed the standard result in terms of orbital periods rather than frequencies for convenience. The observational uncertainty δr, together with values of r 1 , P 1 and P 2 , then impose experimental upper limits on |∆ 1 −∆ 2 | for various systems. Strong limits are obtainable in principle if δr is small in comparison to the "lever arm" r 1 -and also in cases where P 2 ≈ P 1 or P 2 ≈ 2P 1 . We apply this method to situations of three kinds. First, the Earth (m 1 ) and Moon (m 2 ) falling toward the Sun (m 3 ). This was the original, and remains the definitive application of orbital polarization, thanks to the precision with which the Earth-Moon is known from lunar laser ranging. For the second and broader class of systems, we use as a baseline the distance between the Sun (m 1 ) and a "primary" planet (m 2 ), both undergoing mutual accelerations toward a second or "perturbing" planet (m 3 ). (The period of m 3 and m 1 about their common barycenter are of course the same.) This was originally applied by Nordtvedt to the case where Jupiter acts as a perturber on the Sun-Earth system; one motivation being that Jupiter might be likeliest to violate the EP by virtue of its significant gravitational self-energy [55] . Theorists now consider many other mechanisms for EP violation, and ranging distances to most of the planets have gained tremendously in precision thanks to missions such as Cassini. We therefore apply the same method systematically here to all planetary combinations in the solar system. That is, for each primary (m 2 ) we treat every other planet (m 3 ) as a possible perturber, and choose for our limit the one that best constrains the Sun-primary pair. Finally, as a third application we consider cases in which Saturn (m 1 ) and its Trojan moons Tethys and Dione (m 2 ) fall with possibly different accelerations toward the Sun (m 3 ). This is motivated theoretically by the very different compositions of the two moons, and observationally by the availability of high-precision ranging data from the Cassini mission.
Our results are summarized in Table 3 . We discuss a few illustrative cases here. As expected, the strongest constraints arise in the Earth-Moon-Sun case. Using recent figures A EP = 2.992 × 10 13 mm (including tidal effects) and δr 6.70 mm from lunar laser ranging [57] , we obtain an upper bound ǫ 2 = 2 × 10 −13 that is twice as strong as that in Ref. [3] .
For the planets, the strongest limits in each case arise when P 2 is closest to P 1 ; that is, when the perturbing planet is in an orbit adjacent to the primary. This is as expected on the basis of Eq. (16) . The numerical strength of each best-case limit is then determined primarily by the uncertainty δr in the distance between the Sun (m 1 ) and primary body (m 2 ). As a conservative estimate for this quantity we follow Ref. [3] in adopting a value of five times the maximum ephemeris range uncertainty to each planet, as listed in Table 1 . (For the case of the Earth itself, we use five times the uncertainty in the AU; for all other cases the uncertainty in Sun-Earth distance contributes negligibly to δr.) There are large classical perturbations in each planet's distance from the Sun at the same synodic frequency as the putative EP signal, but these can be accurately compensated for since the mass ratios m 1 /m 2 are known to sufficient precision in every case.
The strongest planetary limit of ǫ 2 = 2 × 10 −11 is found for the Earth, using Venus as a perturber. (Using Mars instead weakens this slightly to 3 × 10 −11 . Using Jupiter as the perturber, as was done in Refs. [3, 55] , leads to a considerably weaker constraint of 1 × 10 −10 for the Earth-Sun pair.) Also noteworthy are the limits of order ∼ 10
obtained for Mars and Jupiter using the Earth and Saturn as perturbers, respectively. (The strong limit on Saturn reflects excellent Cassini ranging data to that planet.) The upper limit of ǫ 2 = 3 × 10 −8 for Jupiter (using Saturn as a perturber) is weaker, but still thirty times stronger than the comparable constraint on the Sun-Jupiter combination from migration of the Lagrange points in Table 2 .
For the Saturnian moons, finally, we use the Sun as a perturber so that r 1 = 9.5 AU and take δr = 5δa as usual (where Cassini limits on δa are listed in Table 1 ). This leads to upper limits ǫ 2 = 3 × 10 −7 in both cases. For both moons there is a gain in sensitivity due to the large "lever arm" r 1 ≫ δr. However, this geometrical factor is more than offset by the fact that ǫ 2 in Eq. (15) is roughly proportional to a factor of P 1 /P 2 where P 1 (the period of Saturn around the Sun) in this case is much greater than P 2 (the orbital period of either moon around Saturn). The resulting upper limits on ǫ 2 are weaker than those of most of the planets, but still two to three orders of magnitude stronger than the comparable constraints on the Saturnian moons from migration of the Lagrange points in Table 2 . At the same time, the level of agreement between these two completely independent ways of constraining EP violation for both the Saturnian and Jovian cases serves as a useful consistency check.
Limits on Individual Bodies
Our limits on EP violation by pairs of solar-system bodies to this point are given by Eq. (5) from the modified Kepler's law, Eq. (9) from the migration of stable Lagrange points and Eq. (15) from orbital polarization (Nordtvedt effect). These can be summarized in the form of two inequalities:
Eqs. (17) can be squared and combined to extract algebraic expressions for upper limits on ∆ 1 and ∆ 2 [3] . Alternatively, one can invert and consider all four possible cases separately. In each case one finds that This result neglects a multiplicative factor of (1 + c 2 /c 1 ) −1 on some terms, an approximation that overestimates the uncertainty by less than 1% for all the systems considered here (reaching a maximum of 1/81 for the Earth-Moon case). We then substitute the relevant values of ǫ 1 and ǫ 2 from Tables 1, 2 and 3 into Eqs. (18) and select the best limit for each solar-system body. Results are listed in Table 4 , where "K," "L" and "N" refer to limits obtained from the modified Kepler's law, migration of stable Lagrange points and orbital polarization (Nordtvedt effect) respectively. The strongest limits in every case come from combining Kepler's third law with orbital polarization. However, the combination of Kepler plus Lagrange comes close in the case of Mars, and gives equally strong results in the cases of Jupiter and the Saturnian moons. This may be understood from Eqs. (18) , where it is seen that ∆ 2 is essentially equivalent to ǫ 1 from Kepler's third law. The contribution of the Lagrange limit ǫ 2 is suppressed by a factor of 1/c 1 .
Some solar-system bodies are constrained in more than one way. Upper limits for the Sun, for example, come from every Sun-planet pair. We select the strongest constraint in each case. For the Sun this comes from the Sun-Earth combination, ∆ Sun < 2 × 10 −10 . Similarly, limits for the Earth come from both the Sun-Earth pair (where the Earth plays the role of m 2 ) and the Earth-Moon pair (where it is m 1 ). The former gives the stronger limit in this case, ∆ Earth < 1 × 10 −10 . (For comparison the Earth-Moon combination gives ∆ Earth < 1 × 10 −8 .) Similar comments apply to Saturn, which is constrained by both the Sun-Saturn and Saturn-Tethys/Dione combinations (the former giving ∆ Sat < 9 × 10 −8 while the latter both imply ∆ Sat < 2 × 10 −7 ). These results for the Earth and Sun are both fifty times stronger than those previously reported in Ref. [3] .
Numerically, the other constraints in Table 4 (Uranus, Neptune). In the case of the Moon this result is comparable to that previously reported in Ref. [3] , while the limit for Jupiter is an order of magnitude stronger. For all the other bodies, these are the first such limits to be reported. The sole ∆ 1 -based limit here, that for the Sun, reflects uncertainties in both the Kepler (ǫ 1 ) and Nordtvedt (ǫ 2 ) methods in roughly equal proportion, as shown by Eqs. (18) . By contrast, the best limits for all the other bodies are ∆ 2 -based, meaning that they are largely determined by the observational uncertainties in Kepler's third law alone. This is important, as it points to the most effective way to strengthen similar solar-system-based EP tests in the future. For the present, we would regard the results in Table 4 as valid to order of magnitude (see Discussion below).
Application and Elemental Limits
The constraints derived above apply to any theory in which different bodies may violate the EP in essentially independent ways. One example occurs in Kaluza-Klein gravity, where the gravitational field around a static, spherically-symmetric central mass is commonly modeled with a generalization of the Schwarzschild metric of general relativity known as the soliton metric [58] . In this theory it may be shown that ∆ ≈ −b/2 where b is a free parameter of the soliton metric, related to the curvature of the extra dimension in the vicinity of the central mass (standard general relativity is recovered on fourdimensional hypersurfaces as b → 0). This has led to the strongest current constraints on Kaluza-Klein gravity with the soliton metric, |b| < 2 × 10 −8 for the Earth, Sun and Moon and |b| < 2 × 10 −6 for Jupiter [3] . These bounds are marginally consistent with theory, since theoretical calculations [59] suggest that b might range from ∼ 10 −8 − 10
in gravitationally condensed objects like planets, but take values as large as ∼ 0.1 in more diffuse matter distributions such as galaxy clusters.
The new results in Table 4 further strengthen these bounds and extend them to more solar-system bodies. The previously reported upper bound on b for Jupiter goes down by one order of magnitude, while those for the Earth and Sun drop by two. The new limit for the Earth, |b| < 2 × 10 −10 , though less direct, is orders of magnitude stronger than that recently imposed by measurements of gyroscope precession in lowearth orbit [60] and casts particular doubt on the applicability of the soliton solution within higher-dimensional relativity. The other solar-system bodies we have considered here are all constrained for the first time by these results. Any other theories that predict explicit EP violation on macroscopic scales would be subject to similar constraints.
Most theories that involve EP violation in principle do not make such concrete predictions for ∆. They do, however, agree that the degree of EP violation will depend in some way on composition [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] . This is because of the presence of new fields that couple non-universally but with gravitational strength to the constituents of the standard model. In the absence of a definitive theory, the standard way to characterize such EP violations is to define a phase space of the most plausible observables, such as baryon number, neutron excess and electrostatic binding energy. In designing a experiment, one hopes to drop test materials that span the largest possible Earth volume in this space, while also ensuring that any signal seen is as robust as possible [4, 5] . Here we extend this phenomenological approach to the solar system, combining our upper limits on EP violation by the Sun, planets and satellites with compositional data on each body to extract upper limits on ∆ for individual constituent elements themselves.
Given the theoretical uncertainties, we take the simplest possible approach in which EP violation by a macroscopic body is due entirely to a single constituent, neglecting possible internal cancelation or other effects. This means that we are effectively comparing the acceleration of that one element to the rest of the periodic table. Thus, for example, the bulk composition of the Sun consists of 72% hydrogen and 27% helium by mass [61] . Assuming that any EP violation by the Sun can effectively be associated with a single element, our limit of ∆ Sun < 2 × 10 −10 for the Sun would imply that ∆ H < 2 × 10 −10 for hydrogen or ∆ He < 6 × 10 −10 for helium. These are in fact our best bounds on these two elements from solar-system observations. Jupiter's atmosphere consists of 76% hydrogen and 24% helium by mass, and the comparable fractions for Saturn are 79% and 21% [62] , but our upper limits on ∆ for these planets are much weaker than that for the Sun. Similarly for Uranus and Neptune, estimated to consist of 10% atmospheric hydrogen and helium, plus a core of 25% silicate rock and 65% water ice [63] .
Limits derived in this way for hydrogen, helium and the four major constituent elements of the terrestrial planets (oxygen, magnesium, silicon and iron) and icy satellites are listed in Table 5 . For the Earth we adopt mass fractions of 32% Fe, 30% O, 16% Si and 15% Mg [64] . Comparable numbers for the Moon are 8% Fe, 44% O, 22% Si and 21% Mg [65] . For Mars we use 27% Fe, 34% O, 17% Si and 14% Mg [66] . Corresponding figures for Venus are 30% Fe, 34% O, 15% Si and 15% Mg while Mercury has 63% Fe, 14% O, 7% Si and 7% Mg [67] .
Saturn's icy satellites Tethys and Dione constitute a particularly tempting EP test case, since Cassini has confirmed that one (Tethys) consists of 93% water ice by mass while the other (Dione) is 50% silicate rock [68] . (In elemental terms these numbers translate into 86% O and 4% Si by mass for Tethys vs. 74% O and 20% Si for Dione.) As both have Trojan companions, they can be constrained not only by the combination of Kepler's third law and orbital polarization, but by the migration of their stable Lagrange points as well. Moreover, we have excellent data on both moons and their Trojan companions from Cassini. However, for the reasons discussed in Sec. 5, the upper limits on ∆ for both bodies are still comparatively weak. The best elemental limits in every case turn out to be those derived from the Earth, whose upper bound on ∆ is two or more orders of magnitude stronger than any of the other terrestrial planets.
Summary and Discussion
We have looked for the constraints imposed by solar system data on theories in which the ratio of gravitational to inertial mass differs from unity by a factor ∆ which may in principle differ from body to body. For two objects characterized by ∆ 1 and ∆ 2 , upper bounds on the sum |∆ 1 /c 1 + ∆ 2 | are set by Kepler's third law, while the difference |∆ 1 − c 2 ∆ 2 | is constrained by the position of Lagrange libration points and orbital polarization in the field of a third body (the Nordtvedt effect). (Here c 1 and c 2 are known constants.) Combining these results, we have extracted independent upper limits on ∆ for the Sun, Moon, planets and Saturnian moons Tethys and Dione using experimental data on their mean motions and positions as well as those of their Trojan companions where applicable. We find that ∆ 10 −10 for the Earth and Sun, ∆ 10 −8 for the Moon, Mars and Venus, ∆ −7 for Mercury, Jupiter, Saturn, Tethys and Dione, and ∆ 10 −6 for Uranus and Neptune. As a test case, we have applied our results to Kaluza-Klein gravity, in which ∆ depends on a metric parameter related to the curvature of an extra dimension near the central mass. Our upper bounds on this parameter are orders of magnitude stronger than existing limits from any other tests, and confirm earlier conclusions that a fifth dimension, if any, plays no significant dynamical role in the solar system.
We have combined our limits with data on the composition of each solar-system body to obtain constraints on EP violation by individual constituent elements, under the assumption that a single element dominates in each case. The resulting upper limits on ∆ for hydrogen, helium, iron, oxygen, silicon and magnesium are of order 10 −9 − 10 −10 . There is an important statistical caveat to these results. As uncertainties in our orbital and other parameters, we have implicitly relied on residuals from published fits to a fixed number of ephemeris solution parameters. These fits do not generally incorporate a different degree of EP violation for each solar-system body. (They are typically sensitive to at most a single EP-violating parameter η.) We have, in other words, relied on more degrees of freedom than are actually present in the solutions. This is not necessarily a problem, but will tend to underestimate our uncertainties. The results least affected will be those based on the lunar Nordtvedt effect, for which at least one EP-violating term is explicitly included in the solution sets. Our other results may be less robust in comparison. It would be of interest to incorporate additional independent parameters for EP violation into the standard ephemeris models.
Given the uncertainties, our results should be seen as illustrative rather than definitive. They are three to seven orders of magnitude weaker than the best existing constraints on EP violation from torsion balances or lunar laser ranging. Space-based free-fall experiments should produce even stronger bounds. However, in the context of modern unified theories it may be at least as important to explore a broad range of test materials as to so with the greatest possible sensitivity. In this respect, solar-system tests offer a diversity of composition unobtainable in any other way. Moreover, they do so at comparatively little cost.
